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On the group of homotopy classes of relative
homotopy automorphisms
Hadrien Espic and Bashar Saleh
Abstract
We prove that the group of homotopy classes of relative homotopy automor-
phisms of a simply connected finite CW-complex is finitely presented and that the
rationalization map from this group to its rational analogue has a finite kernel.
1 Introduction
Given a cofibration A ⊂ X of simply connected spaces of the homotopy type of finite
CW-complexes, we prove that the group of homotopy classes of relative homotopy auto-
morphisms, denoted by π0(autA(X)), is finitely presented. Moreover, we prove that the
group homomorphism π0(autA(X)) → π0(autAQ(XQ)) induced by rationalization has a
finite kernel.
Recall that the space of relative homotopy automorphisms autA(X) is the space of
all homotopy automorphisms of X that preserve A pointwise. The homotopy theory of
relative homotopy automorphisms and algebraic models for them is a topic of activity
([BM20], [Gre19], [BS20]), especially in the study of homological stability for homotopy
automorphisms of connected sums of manifolds.
The results of this paper, is to some extent, an extension of the classical Sullivan-
Wilkerson theroem [Sul77, Wil76] stating that π0(aut(XQ)) is an algebraic group and
that π0(aut(X)) is commensurable with an arithmetic subgroup of π0(aut(XQ)). Two
important consequences of the Sullivan-Wilkerson theorem are that π0(aut(X)) is finitely
presented (since arithmetic groups are finitely presented), and that the finiteness of
π0(aut(XQ)) implies the finiteness of π0(aut(X)). In this paper we show that these two
properties also hold in the relative case.
Theorem 1.1. Let A ⊂ X be a cofibration of simply connected spaces of the homo-
topy type of finite CW-complexes. Then π0(autA(X)) is finitely presented and the map
π0(autA(X))→ π0(autAQ(XQ)) has a finite kernel.
This is proved in Theorem 2.3 and Theorem 5.5. Our proof of the finite presentation
property, depends on the classical Sullivan-Wilkerson Theorem, which involves some
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theory of algebraic and arithmetic groups. In order to be able to use the classical
Sullivan-Wilkerson Theorem, we prove the following:
Theorem 1.2. Let A ⊂ X be a cofibration of simply connected spaces of the homotopy
type of finite CW-complexes. Then π0(autAQ(XQ)) is a linear algebraic group and the
map π0(autAQ(XQ)) → π0(aut(XQ)) induced by the inclusion autAQ(XQ) →֒ aut(XQ) is
a homomorphism of linear algebraic groups.
This is proved in Theorem 4.9 and Theorem 4.10. The algebraicity of the non-relative
homotopy automorphisms of a rational space XQ are usally proved by showing that the
homotopy classes of automorphisms of a minimal Sullivan model for XQ forms an al-
gebraic group. However, this approach is not suitable for modelling relative homotopy
automorphisms. Rather one should consider equivalence classes of relative automor-
phisms of so called minimal relative dg Lie algebra models. The authors could not find
an explicit treatment of the theory of minimal dg Lie algebra models in the literature,
so Section 3 is devoted for that. In particular we prove the following:
Theorem 1.3. Given a map f : L(V ) → g of simply connected dg Lie algebras, there
exists a minimal relative model q : L(V ⊕W )→ g for f in the following sense
(a) L(V ) is a dg subalgebra of L(V ⊕W ) and f = q ◦ ι, where ι : L(V )→ L(V ⊕W )
is the inclusion.
(b) Given a quasi-isomorphism g : L(V ⊕W ) → L(V ⊕W ), where g restricts to an
automorphism of L(V ), then g is an automorphism.
This is proved in Theorem 3.6 and Theorem 3.7. Here, L(A) denotes a quasi-free dg
Lie algebra generated by A, i.e. a dg Lie algebra whose underlying graded Lie algebra
structure is free.
On the results of Scheerer
In [Sch80], the arithmeticity of the group of homotopy classes of fiber homotopy equiva-
lences is announced. In the article, Scheerer suggests that an Eckmann-Hilton-dualization
of his arguments would yield the arithmeticity of the group of homotopy classes of rel-
ative homotopy automorphisms. However, Eckmann-Hilton duality is a non-formal du-
ality and details has to be spelled out. In particular, the Eckmann-Hilton dual of the
“Postnikov tower construction” is the “homology decomposition construction”, which
differs in the following crucial sense; Postnikov towers can be made functorial, while ho-
mology decompositions can not [Bau95, Proposition 6.13]. Since Scheerer’s arguments
rely on the functoriality of the Postnikov tower construction, we do not see an immediate
way of dualizing all arguments.
2
Overview
In Section 2, we prove that the map π0(autA(X)) → π0(autAQ(XQ)) induced by ratio-
nalizations has a finite kernel provided that A and X are of the homotopy type of finite
simply connected CW-complexes.
In Section 3, we prove the existence and the properties of minimal dg Lie algebra
models for a wide class of maps of dg Lie algebras.
In Section 4, we use the theory of minimal dg Lie models in order to prove that
π0(autAQ(XQ)) is a linear algebraic group and that the map π0(autAQ(XQ))→ π0(aut(XQ))
induced by the inclusion autAQ(XQ) →֒ aut(XQ) is a homomorphism of linear algebraic
groups.
In Section 5, we prove that π0(autA(X)) is finitely presented using algebraicity of
π0(autAQ(XQ)) and the map π0(autAQ(XQ))→ π0(aut(XQ)).
In Section 6, we discuss a property that implies the commensurability of π0(autA(X))
with an arithmetic subgroup of π0(autAQ(XQ)).
Standing assumptions and notation
• A rationalization of a simply connected space X is denoted by XQ, and a ratio-
nalization of a map f : X → Y is denoted by fQ : XQ → YQ. We recall that the
rationalization construction in [BK87] is functorial and preserves cofibrations. In
particular, given a cofibration A ⊂ X , the rationalization functor induces a group
homomorphism π0(autA(X))→ π0(autAQ(XQ)).
• A linear algebraic group G over a ring R, is a group that is isomorphic to a
subgroup of GLn(R) defined by polynomial equations. A map of linear algebraic
groups is a group homomorphism which is a homomorphism of varieties as well.
• The notion of commensurability in group theory are used differently depending on
literature. In this paper, we will distinguish between the two concepts as follows:
We say that two groups are “commensurable” if there exists a zigzag of maps
G→ G1 ← · · · → Gn ← H
where each map has finite kernel and the image has finite index.
We say that two subgroups H,H ′ ⊂ G are “commensurable in G” if H ∩ H ′
has finite index in both H and H ′. We see that that if two subgroups of G are
commensurable in G, then they are commensurable.
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2 Finite kernel
We will briefly recall some of the basic obstruction theory that is covered in many
introductory books in algebraic topology (e.g. [Bre93, §VII.13]). And then prove that
π0(autA(X))→ π0(autAQ(XQ)) has finite kernel.
Let Y (k) denote k-Postnikov stage of Y for k > 0 and let Y (0) be just be a point
which we call the zero Postnikov stage, and let ρk : Y → Y (k), k ≥ 0, denote the
structure map for the the k-Postnikov stage.
Proposition 2.1. Let A ⊂ X be a cofibration of connected spaces and let Y be a
connected space with an abelian fundamental group. Let f, g : X → Y be maps that
agree on A.
Assume that ρkf ≃relA ρkg for some k ≥ 0. Then there exists an associated obstruc-
tion cohomology class d(ρkf, ρkg) ∈ H
k+1(X,A; πk+1(Y )) which satisfies the following
properties:
(a) ρk+1f and ρk+1g are homotopic relative to A if and only if d(ρkf, ρkg) = 0.
(b) The association (ρkf, ρkg) 7→ d(ρkf, ρkg) is natural with respect to maps Y → Y
′
and maps of pairs (X ′, A′)→ (X,A).
(c) Given a third map h : X → Y that agrees with f on A and where ρkh ≃relA ρkf ,
we get that the obstruction classes satisfy the relation d(ρkf, ρkh) = d(ρkf, ρkg) +
d(ρkg, ρkh).
(d) If ρkf ≃relA ρkg for all k, i.e. all obstruction classes vanish, then f ≃relA g.
Remark 2.2. It follows from Proposition 2.1 (d) that if X is n-dimensional, then it is
enough to show that ρnf ≃relA ρng in order to deduce that f ≃relA g.
Theorem 2.3. Given a cofibration A ⊂ X of simply connected spaces of the homotopy
type of finite CW-complexes, the map π0(autA(X))→ π0(autAQ(XQ)) has finite kernel.
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Proof. Let ρk : X → X(k) and ρ
Q
k : XQ → XQ(k) be the structure maps for the k-
Postnikov stages for X and XQ respectively, and let
K = ker(π0(autA(X))→ π0(autAQ(XQ))).
Given an element f ∈ K r {idX}, we have that f 6≃relA idX but fQ ≃relAQ idXQ . Since
Y (0) = ∗ it follows that ρ0f = ρ0 idX . Given that f 6≃relA idX , there must be some k, 0 <
k < dim(X), for which ρk+1f 6≃relA ρk+1 idX but for which ρkf ≃relA ρk idX . We asso-
ciate to f the non-zero class d(ρkf, ρk) ∈ H
k+1(X,A; πk+1(X)). However, since fQ ≃relAQ
idXQ , it follows that d(ρ
Q
k fQ, ρ
Q
k ) = 0, and due to the naturality of these obstructions
(see Proposition 2.1 (a)), it follows that d(ρkf, ρk) ∈ Tor(H
k+1(X,A; πk+1(X)), where
Tor denotes the torsion part. This gives us a well defined map
α : K r {idX} →
dim(X)⊔
i=1
Tor(H i(X,A; πi(X))).
Now assume to get a contradiction that K is infinite. This means that α is a map from
an infinite set to a finite set, and we may pick some obstruction class
c ∈ Tor(H t+1(X,A; πt+1(X)))
where α−1(c) is infinite. Pick some g ∈ α−1(c). For any other class h ∈ α−1(c) distinct
from g we have that d(ρtg, ρt) = d(ρth, ρt) and thus by Proposition 2.1 (b), ρt+1g ≃relA
ρt+1h. Since g 6≃relA h there must be some k
′, t < k′ < dim(X), for which ρk′+1g 6≃relA
ρk′+1h but where ρk′g ≃relA ρk′h. This gives a nontrivial obstruction class d(ρk′g, ρk′h) ∈
Hk
′+1(X,A; πk′+1(X)), and as before we get a map
α′ : α−1(c)r {g} →
dim(X)⊔
i′=t+1
Tor(H i
′
(X,A; πi′(X))).
After a finite number of iterations of this procedure we will reach to a function
A : S → Tor(Hd(X,A; πd(X))),
where d = dim(X) and S is an infinite set. Assume that p, q ∈ A −1(x). Then it would
mean that ρdp ≃relA ρdq, and thus p ≃relA q (see Remark 2.2), i.e. p and q are identified
in π0(autA(X)). Thus A is injective, which is impossible due to the infinite cardinality
of S. From the contradiction we conclude that K is finite.
3 On minimal relative dg Lie algebras
This section is inspired by [CR19], in which minimal models for algebras over algebraic
operads are constructed. We adopt the general framework and generalize some of the
5
theory to a relative dg Lie algebras. We have chosen to only focus on dg Lie algebras,
but we believe that the results of this section can be obtained for algebras over algebraic
operads in general.
The notion of a minimal relative dg Lie algebras seems to not have attained much of
attention in the literature. In [FHT01, § 22 (f)], relative dg Lie algebras are discussed,
but not in the minimal setting.
Convention 3.1. In this section we enumerate vector spaces in a collection by upper
indices; {V 1, V 2, . . . }. The lower indices are reserved for denoting the homological
degree.
We start by recalling the notion of KS-extensions of a free dg Lie algebra.
Definition 3.2. A KS-extension of a free dg Lie algebra (L(V ), d) is a free dg Lie
algebra (L(V ⊕ U), d), that contains (L(V ), d) as a dg Lie subalgebra and in which
d(U) ⊂ Z∗(L(V )).
Definition 3.3. A relative dg Lie algebra with base L(V ) is a colimit M =
⋃
i≥0M[n]
of a sequence
M[0] = L(V )→M[1] = L(V ⊕W 1)→M[2] = L(V ⊕W 1 ⊕W 2)→ · · ·
of KS-extensions starting from the base Lie algebra M[0] = L(V ). We have that
M = L(V ⊕W ) where W =
⊕∞
i=1W
i.
Definition 3.4. Let πW : L(V ⊕W )→ W denote the canonical projection. A relative
dg Lie algebra L(V ⊕W ) with base L(V ) is called a minimal if πW ◦ d(W ) = 0
Definition 3.5. Given a map f : L(V ) → g of dg Lie algebras, a (minimal) Lie model
for f is a (minimal) relative Lie algebra L(V ⊕ W ) with base L(V ) together with a
quasi-isomorphism q : L(V ⊕W ) → g, which satisfies the equality f = q ◦ ι, in which
ι : L(V )→ L(V ⊕W ) is the canonical inclusion.
We prove the existence of minimal relative models for a class of dg Lie algebra maps.
Theorem 3.6. Given a map f : L(V ) → g of simply connected dg Lie algebras, there
exists a minimal relative model for f .
Proof. We will construct a sequence of minimal KS-extensions
M[0] = L(V )→M[1] = L(V ⊕W 1)→M[2] = L(V ⊕W 1 ⊕W 2)→ · · ·
where each M[n] is equipped with a map qn : M[n]→ g such that q0 = f and
(a) qn is an extension of qn−1,
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(b) Hi(qn) is an isomorphism for i ≤ n,
(c) W n is decomposed as W n = An ⊕ Bn, where An is of homogenous degree n and
Bn is of homogeneous degree n+ 1,
(d) d(An) = 0,
(e) d(Bn) ⊆ L(V ⊕W (n− 2)⊕An−1), where W (n− 2) =
⊕n−2
i=1 W
i,
(f) d(b) 6= 0 for every b ∈ Bn r {0}.
Conditions (a) and (b) gives that the colimit M =
⋃
M[i] is a relative model for f .
Conditions (c)-(e) gives that M is also minimal (note that d(Bn) is homogeneous of
degree n and belongs to a free Lie algebra whose generators are either elements of V or
elements of maximal degree n−1, which by degree reasons gives the relative minimality
properties). Condition (f) is a technical condition needed for the inductive construction
of the minimal model as described below.
The conditions above are trivially satisfied for M[0] (in which we set W 0 = 0).
Assume inductively that (a)-(f) are satisfied for M[k − 1] for some fixed k.
Let
Ak = coker(Hk(qk−1) : Hk(M[k − 1])→ Hk(g)),
and let ak : A
k → gk be given by the composition
ak : A
k σ−→ Hk(g)
τ
−→ Zk(g) →֒ gk
where σ and τ are some sections to the projections Hk(g) ։ A
k and Zk(g) ։ Hk(g)
respectively. Let M′[k] = L(V ⊕W (k − 1) ⊕ Ak) be an extension of M[k − 1], where
d|Ak = 0. Now we have an extension q
′
k : M
′[k]→ g, of qk−1, where q
′
k|Ak = ak. We have
that Hi(q
′
k) is an isomorphism for i < k and an epimorphism for i = k (by construction
of ak : A
k → g).
Let Bk = s(ker(Hk(qk−1) : Hk(M[k− 1])→ Hk(g))) be concentrated in degree k+ 1
and let M[k] = L(V ⊕W (k − 1) ⊕ Ak ⊕ Bk) and let d|Bk be given by the following
composition:
d|Bk : B
k →֒ sHk(M[k − 1])
s−1
−−→ Hk(M[k − 1])
ν
−→ Zk(M[k − 1])
where ν is a section of the projection Zk(M[k− 1])։ Hk(M[k− 1]). Let now qk be an
extension of q′k where qk|Bk = 0. By construction, condition (f) is satisfied. Moreover,
this process kills the kernel in homological degree k of the epimorphism Hk(q
′
k), which
makes Hk(qk) into a monomorphism and thus an isomorphism. Moreover, since we are
assuming that condition (f) is satisfied forM[k−1], we have that Zk(M[k−1])∩B
k−1 =
{0}, and it follows that also condition (e) is satisfied forM[k]. The rest of the conditions
are trivially satisfied and the proof is completed.
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Theorem 3.7 (cf. [FHT01, Theorem 14.11]). Given a simply connected minimal rel-
ative Lie algebra L(V ⊕ W ) with base L(V ), let f : L(V ⊕ W ) → L(V ⊕ W ) be a
quasi-isomorphism. Suppose that f restricts to an automorphism of L(V ), then f is an
automorphism.
Proof. Let W≤k ⊆W be the subspace of elements of at most degree k and let M〈k〉 =
L(V ⊕W≤k). Note that f(M〈k〉) ⊆M〈k〉 by degree reasons, hence for every k ≥ 0, we
have that f defines a chain map M〈k〉 → M〈k〉. We start by showing that for every
k ≥ 0 there exists a chain map gk : M〈k〉 → M〈k〉 such that fgk = id. In particular
gk is a monomorphism. For k = 0, this is trivially true, since we are assuming that the
restriction of f to L(V ) is an automorphism, so we can set g0 = (f |L(V ))
−1. Assume
inductively that the statement is true for some k ≥ 0. The map f induces a map of
short exact sequences of chain complexes
0 // gk(M〈k〉) //
f |gk(M〈k〉)

M
f

//M/gk(M〈k〉)
f¯

// 0
0 //M〈k〉 //M //M/M〈k〉 // 0.
Since f and f |gk(M〈k〉) are quasi-isomorphisms, it follows that f¯ is a quasi-isomorphism.
We have that (M/M〈k〉)k+1 =Wk+1. By degree reasons, all elements ofWk+1 are cycles
inM/M〈k〉, i.e. Zk+1(M/M〈k〉) =Wk+1. By minimality we have thatBk+1(M/M〈k〉) =
0, so it follows that
Hk+1(M/M〈k〉) = Zk+1(M/M〈k〉) = Wk+1.
Since f¯ is a quasi-isomorphism, we get an epimorphism
Zk+1(M/gk(M〈k〉))։Wk+1.
Let ξ : Wk+1 →Mk+1 be given by the following composition
ξ : Wk+1 → Zk+1(M/gk(M〈k〉)) →֒ (M/gk(M〈k〉))k+1 →Mk+1
where the first and the last maps are sections to the epimorphisms Zk+1(M/gk(M〈k〉))։
Wk+1 and Mk+1 ։ (M/gk(M〈k〉))k+1 respectively. Fix a basis w1, . . . , wa for Wk+1.
One deduces that f(ξ(wi)) = wi + ai for some ai ∈ M〈k〉, and that d(ξ(wi)) = gk(a
′
i)
for some a′i ∈ M〈k〉 (since ξ(wi) is a cycle in M/gk(M〈k〉)). Let gk+1 be an extension
of gk to M〈k + 1〉 where gk+1(wi) = ξ(wi)− gk(ai). In particular we have that
f(gk+1(wi)) = f(ξ(wi)− gk(ai)) = wi.
Using the equality wi = f(ξ(wi)− gk(ai)) (from above) one deduces that
gk+1(dwi) = gk(ai − da
′
i) = d(gk+1(wi)),
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which shows that gk+1 is a chain map. This concludes the inductive step. Now let
g = lim gk and we have that fg = idM which proves that g is an injective quasi-
isomorphism. Applying the same arguments to g gives that there is a map h such that
gh = idM which proves that g is surjective. Thus g is an isomorphism and f is its
inverse.
4 Algebraic groups and relative homotopy automor-
phisms
The rational homotopy category of simply connected spaces is modelled by the homo-
topy category of simply connected dg Lie algebras ([Qui69]). In particular, Quillen
constructed a functor λ : Top1-conn → DGL1-connQ , from the category of simply connected
spaces to the category of simply connected dg Lie algebras (a dg Lie algebra is called
simply connected if it is concentrated in strictly positive degrees), that induces the
equivalence of homotopy categories mentioned above.
Moreover, the category of dg Lie algebras is enriched over simplicial sets; let L and
Π be two dg Lie algebras, then the simplicial mapping space is given by
Map(L,Π)• = Hom(L,Π⊗ Ω•)
where Ω• denote the simplicial commutative dg algebra in which
Ωn = Λ(t0, . . . , tn, dt1, . . . , dtn)/(1−
∑
ti,
∑
dti)
is the Sullivan-de Rham algebra of polynomial differential forms on the n-simplex (see
[FHT01, § 10 (c)] for details).
Lemma 4.1. Let X and Y be simply connected simplicial sets where Y is of finite type,
and let LX and LY be cofibrant models for X and Y respectively. Then there is a weak
equivalence
Map(LX ,LY )• = Map∗(XQ, YQ)
Proof. The analog statement for commutative dg models is proved in [BS89, Theorem
2.20]. This together with the adjunction
L : cdga⇌ dgl : C∗CE
where L is the Quillen Lie algebra construction and C∗CE is the Chevalley-Eilenberg com-
mutative dg algebra construction, the assertion follows (here cdga denotes the category
of commutative dg algberas, and dgl denotes the category of dg Lie algebras).
We note that Ω1 is isomorphic to Λ(t, dt) as an algebra. From this one can deduce
the following notion of homotopy:
9
Definition 4.2. Let Λ(t, dt) denote the free graded commutative algebra on t and dt
where |t| = 0 and |dt| = 1, endowed by a differential that takes t to dt. For any s ∈ Q,
let evs : Λ(t, dt)→ Q be the unique commutative dg algebra map given by evs(t) = s.
Two dg Lie algebra maps ϕ, ψ : L→ Π are homotopic if and only if there exists a dg
Lie algebra map h : L→ Π⊗Λ(t, dt) such that (id⊗ev0) ◦ h = ϕ and (id⊗ev1) ◦ h = ψ.
We refer the reader to [Tan83, § 5.II] for more justification for this notion of homo-
topy.
Definition 4.3. Let ι : LA → LX be a cofibration of quasi-free dg Lie algebras. We say
that an endomorphism ϕ of LX is ι-relative if the diagram
LA
ι
}}④④
④④
④④
④④ ι
!!
❈❈
❈❈
❈❈
❈❈
LX ϕ
// LX
commutes strictly. We say that two ι-relative endomorphisms ϕ and ψ are ι-equivalent
if there exists a homotopy h : LX → LX ⊗Λ(t, dt) from ϕ to ψ that preserves LA in the
following sense: h(y) = y ⊗ 1 for every y ∈ LA (cf. [FHT01, § 14 (a)]). In this case we
can also say that ϕ and ψ are homotopic relative LA, and is be denoted ϕ ≃relLA ψ.
Proposition 4.4. Let ι : LA → LX be a cofibration that models a cofibration A ⊂ X of
simply connected simplicial sets. Then the monoid π0(EndAQ(XQ)) is isomorphic to the
monoid
{ϕ : LX → LX | ϕ is ι-relative}/ι-equivalence (1)
Proof. We have that the restriction map End(LX)• → Map(LA,LX)• is a Kan fi-
bration with fiber above ι, denoted by EndLA(LX)•, given by the pullback of ∆
0
• →
Map(LA,LX)• ← End(LX)•, where ∆
0
0 is sent to ι. As a simplicial set we have that
EndLA(LX)• = {f• ∈ Map(LX ,LX ⊗ Ω•) | fn(y) = y ⊗ 1, ∀y ∈ LA}
This together with Lemma 4.1, implies that EndLA(LX)• is weakly equivalent to EndA(X)
as a monoid. In particular they have isomorphic group of components. It is straightfor-
ward to show that π0(EndLA(LX)•) is given by the set in (1).
Corollary 4.5. Let ι : L(V )→ L(V ⊕W ) be a minimal relative dg Lie model that models
a cofibration A ⊂ X of simply connected simplicial sets. Then the group π0(autAQ(XQ))
is isomorphic to the group
{ϕ : LX → LX | ϕ is an ι-relative automorphism}/ι-equivalence
Proof. Since a quasi-isomorphism L(V ⊕ W ) → L(V ⊕ W ) that preserves L(V ) ele-
mentwise is an automorphism (Theorem 3.7), the assertion follows as a consequence of
Proposition 4.4.
10
Lemma 4.6. Let L(V )֌ L(V ⊕W ) be a relative minimal dg Lie model for A֌ X.
If both A and X are homotopy equivalent to finite CW-complexes then then V and W
are finite dimensional.
Proof. It is a well known fact if L(V ) is a minimal model for A then V ∼= s−1H(L),
which gives that dim(V ) < ∞. Moreover, due to the Quillen equivalence between the
model category of simply connected dg Lie algebras and the model category of simply
connected pointed topological spaces, we get that the homotopy (co)limit of a diagram of
Lie models, models the homotopy (co)limit of their geometric realizations. In particular
(L(W ), d¯), with the differential induced from (L(V ⊕ W ), d), is a minimal model for
X/A, which has finite dimensional homology. This gives that dim(W ) <∞.
Proposition 4.7. Given a finitely generated, simply connected, relative dg Lie alge-
bra L(V ⊕W ) with base L(V ), the group of automorphisms of L(V ⊕W ) that fix the
subalgebra L(V ) pointwise, denoted by AutL(V )(L(V ⊕W )), is a linear algebraic group.
Proof. Let {v1, . . . , va} and {w1, . . . , wb} be bases for V and W respectively. Let
m = max(|v1|, . . . , |va|, |w1|, . . . , |wb|),
and let Σ = L(V ⊕W )≤m. Note that Σ is closed under the differential and thus the
restriction of the differential to Σ defines a linear operator D : Σ→ Σ. Moreover, note
that if [a, b] ∈ σ then a, b ∈ Σ. Let β = {x1, . . . , xr, xr+1, . . . , xs} be a basis for Σ
where xi is of homogeneous degree and where {x1, . . . , xr} is a basis for L(V )≤m ⊆ Σ.
Then the group AutL(V )(L(V ⊕W )) is in bijection with the automorphisms ϕ ∈ GL(Σ)
that are (i) degree preserving, (ii) commutes with the linear operator D, (iii) satisfies
ϕ[a, b] = [ϕ(a), ϕ(b)], (iv) ϕ(xi) = xi for 1 ≤ i ≤ r. Note that conditions (i)-(iv) are
all algebraic, which is easily seen when considering ϕ as a matrix relative the basis β.
Since Σ is finite dimensional, it follows that AutL(V )(L(V ⊕W )) is a linear algebraic
group.
Lemma 4.8. Given a finitely generated, simply connected, relative dg Lie algebra L(V ⊕
W ) with base L(V ), the Lie algebra of the linear algebraic group AutL(V )(L(V ⊕W )) is
given by the zero cycles of the dg Lie algebra
Der(L(V ⊕W )‖L(V )) := {δ ∈ Der(L(V ⊕W )) | δ(x) = 0, ∀x ∈ L(V )}.
Proof. Both G = Aut(L(V ⊕W )) and H = AutL(V )(L(V ⊕W )) are algebraic groups
that can be described as the vanishing sets V (I) and V (I+I ′) of ideals of Q[X1, . . . , Xr]
(Proposition 4.7). The ideal I contains polynomials encoding the properties of being a
dg Lie algebra automorphism, whereas I ′ contains polynomials encoding the property
of fixing L(V ).
Consider the algebra Q[ǫ] = Q[Y ]/Y 2. The Q[ǫ]-points of G, denoted by G(Q[ǫ]),
correspond to the vanishing set of I seen as a set of polynomials with coefficients in
11
Q[ǫ]. The ideal I < Q[ǫ][X1, . . . , Xr] encodes the properties of being a Q[ǫ]-linear dg Lie
algebra automorphism of L(V ⊕W )⊗Q[ǫ];
G(Q[ǫ]) = AutQ[ǫ](L(V ⊕W )⊗Q[ǫ]).
In other words, compared to G, we extend the coefficient ring to consider automorphisms
of L(V ⊕W ) ⊗ Q[ǫ]. We notice that the polynomials in I ′ < Q[ǫ][X1, . . . , Xr] encode
the property of fixing L(V )⊗Q[ǫ]. Thus
H(Q[ǫ]) = {φ ∈ AutQ[ǫ](L(V ⊕W )⊗Q[ǫ]) | φ(y) = y, ∀y ∈ L(V )}
The tangent space at the identity Tid(H), i.e. the Lie algebra of H, can be described as
the set of Q[ǫ]-points of H that are sent to the identity when ǫ is sent to 0. This means
we get
Tid(H) = {φ ∈ AutQ[ǫ](L(V ⊕W )⊗Q[ǫ]) | φ(y) = y, ∀y ∈ L(V ), φ ≡ id(mod ǫ)}
Given some φ ∈ Tid(H), there is an associated function δ : L(V ⊕W )→ L(V ⊕W )
given by
φ(x+ ǫx′) = φ(x) + ǫφ(x′) = x+ ǫδ(x) + ǫx′
for x+ ǫx′ ∈ L(V ⊕W )⊗Q[ǫ]. Straightforward caluclations shows that and φ commutes
with the bracket and the differential if and only if δ is a derivation of degree zero that
commutes with the differential. I.e.
δ ∈ Z0(Der(L(V ⊕W ))).
We immediately see that φ fixes y+ ǫy′ ∈ L(V )⊕Q[ǫ] if and only if δ(y) = 0. Moreover,
any derivation with that property yields an element of Tid(H). In particular we have
that Tid(H) ∼= Der(L(V ⊕W )‖L(V )).
Now we are ready to prove the first part of Theorem 1.2.
Theorem 4.9 (cf. [BL05, Theorem 3.4]). Let A ⊂ X be an inclusion simply connected
spaces of the homotopy types of finite CW-complexes. Then π0(autAQ(XQ)) is a linear
algebraic group.
Proof. Let L(V ) → L(V ⊕W ) be a minimal model for A ֌ X . By Lemma 4.6, V
and W are finite dimensional and thus AutL(V ) L(V ⊕W ) is an algebraic group. Let
g = Z0(Der(L(V ⊕W )‖L(V ))) denote the Lie algebra of AutL(V ) L(V ⊕W ) (Lemma 4.8).
It follows by Corollary 4.5 that π0(autAQ(XQ)) is isomorphic to AutL(V ) L(V ⊕W )/K
where
K = {f ∈ AutL(V ) L(V ⊕W ) | f ≃relL(V ) id}.
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Recall that the quotient of a linear algebraic group by a normal linear algebraic
subgroup is again a linear algebraic group. Thus, by showing that K is a closed normal
subgroup of AutL(V )(L(V ⊕W )), we get that
π0(autAQ(XQ)) = AutL(V )(L(V ⊕W ))/K
is a linear algebraic group.
We proceed as in the proof of [BL05, Theorem 3.4] by setting h = B0(Der(L(V ⊕
W )‖L(V ))). In particular, an element h is of the form [G, d] = G◦d+d◦G, where G is a
derivation of degree 1 that vanishes on L(V ). Thus, elements of h vanish on L(V ), so by
the relative minimality of L(V ⊕W ), we have that elements of h strictly raises the word
length of elements of L(V ⊕W ) (or sends them to 0). Since L(V ⊕W ) is concentrated in
positive degrees, it follows that h is nilpotent. Thus exp(h) correspond to a normal linear
algebraic subgroup of AutL(V )(L(V ⊕W )). One proves that K = exp(h), by mimicking
the techniques used in [BL05, Theorem 3.4] for the analogous statement there.
Theorem 4.10. The map π0(autAQ(XQ)) → π0(aut(XQ)) induced by the inclusion
autAQ(XQ) →֒ aut(XQ) is an algebraic map.
Proof. Let θ : L(U)
∼
−→ L(V ⊕ W ) be a minimal model. The dg Lie algebra L(U)
is fibrant-cofibrant so there exists a homotopy inverse µ : L(V ⊕ W )
∼
−→ L(U). This
gives rise to a map (not necessary a group homomorphism) ξ : AutL(V )(L(V ⊕W )) →
Aut(L(U)) given by f 7→ µ ◦ f ◦ θ. We can view ξ as a map of varieties since both
Aut(L(U)) and AutL(V )(L(V ⊕W )) can be viewed as algebraic subgroups of GL(L(U)≤m)
and GL(L(V⊕W )≤m) respectively, wherem is maximal homological degree in V⊕W (see
the proof of Proposition 4.7), and thus θ and µ may be represented by finite matrices.
We have that ξ(exp(B0(Der(L(V ⊕W )‖L(V ))))) ⊆ exp(B0(Der(L(U)))), so ξ induces
a map of varieties
ξ¯ : AutL(V )(L(V ⊕W ))/ exp(I) −→ Aut(L(U))/ exp(B0(Der(L(U))))
∼= ∼=
π0(autAQ(XQ)) π0(aut(XQ)),
which respects the group structure and therefore a map of algebraic groups.
5 Finite presentation
Throughout this and next section, A andX are simply connected spaces of the homotopy
type of finite CW-complexes.
We start by setting some notation. In order to simplify the notation, π0(aut(X)),
π0(autA(X)), π0(aut(XQ)) and π0(autAQ(XQ)) are denoted by E(X), EA(X), E(XQ) and
EAQ(XQ), respectively. The rationalization functor induces a group homomorphism
r : E(X)→ E(XQ)
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and the inclusion autA(X) →֒ aut(X) induces a group homomorphism
j : EA(X)→ E(X).
The rational analogue gives a map
jQ : EAQ(XQ)→ E(XQ).
Now we recall some of the theory of arithmetic groups needed in this section.
Definition 5.1. Given a linear algebraic group G, there exists (by definition) a faithful
representation ρ : G→ GL(V ), where V is a finite dimensional Q-vector space. Given a
lattice L ⊂ V , let
GL = {g ∈ G | ρ(g)(L) = L}.
We say that a subgroup Γ ⊆ G is an arithmetic subgroup of G if and only if Γ and GL
are commensurable in G. The definition of arithmetic groups is independent of choice
of ρ and L.
Lemma 5.2 ([Mil17, Theorem 5.14]). Let ϕ : G → G′ be a homomorphism of linear
algebraic groups. Then ϕ(G) is a linear algebraic subgroup of G′.
In particular jQ(EAQ(XQ)) is a linear algebraic subgroup of E(XQ) since jQ is a
homomorphism of linear algebraic groups (Theorem 4.10).
Lemma 5.3. Let G be an algebraic group and Γ ⊆ G be an arithmetic subgroup. Given
any algebraic subgroup H ⊂ G, the group Γ ∩H is an arithmetic subgroup of H.
Proof. For Γ = GL the assertion is certainly true since GL ∩H = HL. It is straightfor-
ward to show that the commensurability relation is preserved under intersection with
subgroups, i.e. if Γ1,Γ2 ⊆ G are commensurable in G, then Γ1∩H,Γ2∩H ⊂ H are also
commensurable in H .
Proposition 5.4. j(EA(X)) is commensurable with an arithmetic subgroup of jQ(EAQ(XQ)).
In particular j(EA(X)) is finitely presented.
Proof. It follows by Lemma 5.3 that
GA(X) = r
−1(jQ(EAQ(XQ))) ⊆ E(X)
is commensurable with an arithmetic subgroub of jQ(EAQ(XQ)). Note that f ∈ GA(X)
if and only if fQ|AQ is homotopic to the inclusion of AQ into XQ. Note that j(EA(X))) ⊆
GA(X), and hence it is enough to show that j(EA(X))) has finite index in GA(X). We
have by [Sul77, Theorem 10.2 (i)] that r : [A,X ] → [AQ, XQ] is finite-to-one. If the
cardinality of the inverse image of the inclusion AQ →֒ XQ is k ∈ Z≥1, then the cardi-
nality of GA(X)/j(EA(X)) is at most k, which proves the commensurability condition.
Since arithmetic groups are finitely presented and finite presentability is stable by ex-
tensions ([dlH00, Exercise 15, Chapter V.A]), it follows that that j(EA(X)) is finitely
presented.
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Theorem 5.5. EA(X) is finitely presented.
Proof. The fibration autA(X)→ aut(X)→ map(A,X), yields an exact sequence
π1(map(A,X), incl)
∂
−→ EA(X)
j
−→ E(X).
We have that any component of map(A,X) is a nilpotent space ([HMR75, Chapter II,
Theorem 2.5. (ii)]), implying that π1(map(A,X), incl) is a nilpotent group, and thus
that π1(map(A,X), incl)/ ker(∂) is a nilpotent group. Moreover, it is straightforward to
show that π1(map(A,X), incl) is finitely generated.
Let G denote the quotient π1(map(A,X), incl)/ ker(∂), which is again a finitely gen-
erated nilpotent group. It is well known that finitely generated nilpotent groups are
finitely presented and thus G is finitely presented.
We get a short exact sequence
1→ G → EA(X)→ j(EA(X))→ 1
where G and j(EA(X)) are finitely presented (Proposition 5.4). Now it follows that
EA(X) is finite presented since finite presentability is stable by extensions.
6 On arithmeticity
Since jQ : EAQ(XQ) → E(XQ) is a map of linear algebraic groups, its kernel, denoted
KAQ(XQ) is also an algebraic group. The rationalization induces a map r : KA(X) →
KAQ(XQ) which has finite kernel (a subset of the finite kernel of r : EA(X)→ EAQ(XQ)).
If one can show that r(KA(X)) ⊆ KAQ(XQ) is an arithmetic group then it follows that
EA(X) is commensurable with an arithmetic subgroup of EAQ(XQ).
Theorem 6.1. If r(KA(X)) ⊆ KAQ(XQ) is an arithmetic subgroup of KAQ(XQ), then
EA(X) is commensurable with an arithmetic subgroup of EAQ(XQ).
Proof. This is an consequence of the following proposition
Proposition 6.2 ([Tri99, Proposition 3.3]). Assume that the diagram
1 // A //
r

A′ //
r′

A′′
r′′

// 1
1 // G // G′ // G′′ // 1
is a commutative diagram of groups satisfying the following properties:
(i) Both horizontal sequences are exact and the lower sequence consists of maps of
linear algebraic groups over Q.
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(ii) The kernels of r and r′′ are finite and the images of r and r′′ are arithmetic
subgroups of G and G′′ respectively.
(iii) The map r′ takes values in an arithmetic subgroup B′ of G′.
Then the group A′ is commensurable to an arithmetic subgroup of G′.
By assuming that r(KA(X)) is an arithmetic subgroup of KAQ(XQ) and replacing
the upper row by 1 → KA(X) → EA(X) → j(EA(X)) → 1 and the lower row by 1 →
KAQ(XQ)→ EAQ(XQ)→ j(EAQ(XQ))→ 1, and the vertical maps by the rationalizations,
we get immediately that (i) and (ii) are satisfied. Property (iii) is also satisfied as a
consequence of the following lemma
Lemma 6.3 ([Bor69, Corollaire 7.13 (3)]). Let ϕ : G→ G′ be a map of algebraic groups,
and let Γ ⊂ G be an arithmetic subgroup. Then there exists a full arithmetic subgroup
Γ′ ⊂ G′, such that ϕ(Γ) ⊆ Γ′.
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